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ABSTRACT: We find the bosonic sector of the gauged supergravities that are obtained
from 11-dimensional supergravity by Scherk-Schwarz dimensional reduction with flux to
any dimension D. We show that, if certain obstructions are absent, the Scherk-Schwarz
ansatz for a finite set of D-dimensional fields can be extended to a full compactification of
M-theory, including an infinite tower of Kaluza-Klein fields. The internal space is obtained
from a group manifold (which may be non-compact) by a discrete identification. We
discuss the symmetry algebra and the symmetry breaking patterns and illustrate these
with particular examples. We discuss the action of U-duality on these theories in terms
of symmetries of the D-dimensional supergravity, and argue that in general it will take
geometric flux compactifications to M-theory on non-geometric backgrounds, such as U-
folds with U-duality transition functions.
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1. Introduction

In [, Scherk and Schwarz gave an ansatz for a non-trivial dimensional reduction of a
supergravity theory that gives a theory with gauge symmetry, mass terms and a scalar
potential. The dimensional reduction from D + d dimensions is on a d dimensional internal
manifold X' with a basis of nowhere-vanishing one-forms ¢™ specified by a vielbein ¢™;(y)

o™ = o™;(y)dy' (1.1)
where y* are coordinates on X (3,5 =1,...,d, m,n = 1,...,d). The one-forms are used in
the metric ansatz

dsh g = 2P @) 42 4 206 @) g (2)m " (1.2)

where M is the D-dimensional spacetime with metric ds% and coordinates z*#. The one-
forms v™ are

vt =og"m - A" (1.3)

and the one-forms A™ = AJ(z)dz" are Kaluza-Klein vector fields (graviphotons). The
internal metric g,,,(x) and the warp factor ¢(x) are scalars in the dimensionally reduced
theory, while «, 8 are constants that will be fixed in section 2. There is a similar ansatz
for the reduction of other fields. For example, for a p-form gauge potential

-~ 1
By = Bip) + Bp-1ym AV + 5 Bp-aymn AV AV A (1.4)

Completeness of the basis implies that the one-forms satisfy a structure equation of
the form 1
do™ + ifnpman ANoP =0 (1.5)

If the coefficients f,"™ are constant, then the dependence of the dimensionally reduced
theory on the internal coordinates y drops out [[]. The integrability condition for ([L.§) is
then the Jacobi identity

f[manp]qt =0 (16)

so that f,,™ are the structure constants for some Lie group G, and the reduced theory has
a local G gauge symmetry for which the gauge fields are the A™. For a reduction of the
action to be possible, it is necessary [[] that the structure constants further satisfy

fmnn =0 (1.7)

If this condition is not satisfied, then it is possible to reduce the field equation, even though
it may not be possible to reduce the action [f.

The internal space X is sometimes referred to as a twisted torus, and the matrix
o™;(y) can be thought of as twisting the frames with respect to the coordinate basis.
Indeed, the fields gu,,,AZ“,gmn,gp and By, ., Buy...pp—1m> Bui..pip_omn - - - - €tc are in one-
to-one correspondence with the ones that would arise from reduction on a d-torus, and the
reduced theory is a massive deformation of that arising from a torus reduction. Particular
examples of such reductions can arise from first reducing on 79! and then reducing on



the final S with a geometric duality twist [[]. In such examples this is equivalent to the
reduction of a torus bundle over a circle [ff], which can be thought of as a twisting of the
torus 7% However, an important class of examples are those in which G is compact and
the internal manifold is the group manifold G and it is clearly misleading to refer to such
a group manifold as a twisted torus. There are more general examples in which G is non-
compact, but in which the Scherk-Schwarz ansatz nonetheless gives a consistent truncation
to a well-defined D-dimensional field theory.

The Scherk-Schwarz construction gives a truncation of a D+ d dimensional field theory
in a particular background to give a D-dimensional field theory with a finite number of
fields. A long-standing question has been how to extend this to the full Kaluza-Klein
or string theory. For the dimensional reduction of a D + d dimensional field theory, one
would expect towers of massive Kaluza-Klein modes and one would like to know how
to calculate the spectrum and whether there is a mass gap. One way of obtaining the
Scherk-Schwarz reduction is to reduce on the group manifold G and then truncate to the
y-independent sector. This would give the same D dimensional field theory discussed
above, and in the case in which G is compact gives a compactification of the original
theory. However, if G is non-compact, then if one were to include the y-dependence one
would expect a continuous mass spectrum in general. A well-behaved Kaluza-Klein theory
with a discrete mass spectrum would be obtained if there was a compact space X such that
compactification on X could be truncated to reproduce the Scherk-Schwarz reduction. This
would then allow the construction to be extended to compactification of string theory or
M-theory on X.

The issue of finding such a X and hence understanding the Scherk-Schwarz reduction
as a compactification was addressed in [ff]. If G is compact, one simply takes X to be the
group manifold with the o the left-invariant forms for which ([[.5) is the Maurer-Cartan
equation. There is a left-action G, and a right-action Ggr of the group G on the group
manifold. The Scherk-Schwarz ansatz is the most general one that is invariant under Gy, so
that the Scherk-Schwarz reduction is a compactification followed by a truncation to a G-
invariant sector. The metric ([.J) will not be invariant under G unless gy, is chosen to be
an invariant metric (otherwise the background will break G'i to the subgroup preserving
9gmn)- The one-forms v are invariant under G, but transform covariantly under a local
(z#-dependent) action of G, which becomes a gauge symmetry in the compactified theory,
with the frame indices m,n becoming adjoint gauge indices, so that e.g. g, transforms in
the symmetric bi-adjoint representation of the gauge group G.

For non-compact G, one requires a compact space X with frame fields satisfying ([L.3).
Then X must be locally isomorphic to the group manifold G, but this need not be true
globally. Moreover, the consistency of the ansatz requires that the frame fields should be
globally defined and nowhere-vanishing, so that X must be parallelizable. (For example,
suppose that the ¢ are sections of the frame bundle of the internal space, so that in
overlaps of patches on X in which the coordinates y, 73’ are related by a diffeomorphism
y'(y), then '™ (y'(y)) = A", (y)o"(y) for some local frame rotation A™,(y) and the cor-
responding internal metrics would need to be related by gmn = ¢/ pgAPm A%, which would
not allow them to be indpendent of y.) This implies that the internal manifold must ei-



ther be the group manifold itself, or the group manifold identified under the action of a
discrete subgroup I of G, [F. It is important that I' acts as a subgroup of G, so that the
one-forms ¢ are invariant under I' and the local form of the ansatz takes the same form
on G or G/T'. Thus for a compactification to be possible, one requires that there exist a
discrete subgroup I' of G such that identifying the group manifold under the left action of
I" gives a compact space X = G/T" which can be taken as the compactifying space [J]. A
necessary condition for the existence of such a I' is that the structure constants satisfy the
condition ([L.7).

If there is a compact space X = G/I', then supergravity, string theory or M-theory
can be compactified on X in the usual way. The Scherk-Schwarz construction is then a
consistent truncation of the full compactified theory to a D-dimensional effective field the-
ory with fields g,,,,, AZ“, Gmns @ and By, s By, _yms By pyy—amn - - - - ete. Note that this
truncated set may not contain all the light fields in general. For example, if G is compact
and I is trivial, then at the special point in moduli space in which g¢,,, is proportional to
the Cartan-Killing metric and all the form gauge fields vanish, the background has isom-
etry G x Gr which will be a gauge symmetry in the reduced theory, so that there will
be 2d massless Yang-Mills gauge fields. The Scherk-Schwarz construction truncates this
theory to a Gp-invariant sector of the low-energy theory with only d gauge fields and gauge
symmetry Gg.

In this paper, we will consider the compactification of M-theory on d-dimensional
twisted tori X = G/I' with flux. This has a truncation to a Scherk-Schwarz reduction
of eleven dimensional supergravity [d] in which the ansatz for the 3-form gauge field C is
generalised to include a flux for the field strength G = dC of the form

1
K= ﬂKmnpqam No™ NaP Aol (1.8)
for some constant coefficients K,ypq; such a flux is manifestly invariant under G,. This
generalises the compactification of string theory on twisted tori with flux [J] that truncate to
generalised Scherk-Schwarz reductions with flux [f, f, [f]. Such reductions of 11-dimensional
supergravity have also been considered in [§-[5.

The O(d, d) covariant formulation of string theory reduced on a twisted torus, studied
in [fl, f] is very suggestive. It is natural to ask whether this generalises to M-theory
compactifications, and whether these can be written in a way that is covariant under the
action of a duality group. We consider general Scherk-Schwarz compactifications of eleven
dimensional supergravity with flux and analyse the gauge symmetry. In this case the
generators X related to the By, fields in [B] are replaced by generators X" = —X"™m
which can be associated Wit}/l\ the field Cy),,, which arises from the dimensional reduction
of the three form potential C' of the eleven dimensional theory.

The outline of the paper is as follows: In section two we give the Scherk-Schwarz re-
duction of eleven dimensional supergravity, where there is a non-trivial flux on the four
form, to arbitrary dimensions. In section three we study the symmetries of this theory, in
particular we show that the symmetry algebra of this theory is not a Lie algebra in general,
but contains a Lie subalgebra. Section four deals with symmetry breaking and mass mech-



anisms in such reductions and then finally in section five we consider the writing of these
theories in a manifestly E;jg)-covariant form. In section six we discuss the implications of
our results for M-Theory.

2. Scherk-Schwarz reduction of eleven dimensional
supergravity with flux

The action of eleven dimensional supergravity is

S = /EB +Lp (2.1)
where the Lagrangian for the bosonic sector is
ﬁgzﬁ*l—%*@/\@—l—EG/\@/\a (2.2)
and the four-form field strength @(4) is defined in terms of a three form potential 6(3)
G =dC (2.3)

L is the Fermi sector involving the gravitino @M. In this paper the fermions are set to zero
and we consider a Scherk-Schwarz reduction with flux of the bosonic sector following [B, B,

=
Sip

We adopt the metric ansatz (|L.9) and the Gp-invariant flux ansatz

~ 1
G = ﬁKmnpqam No" NaP Aol + - (2.4)

for constant K. We require that the constants K, satisfy the algebraic identity

K[mnplsf\qtls =0 (2.5)

so that the flux is closed and so locally there is a 3-form 3y such that

1
dw(3) = ﬂKmnpqam Na NP Aol (2.6)

In general w3 is not defined globally. Then the Gr-invariant reduction ansatz for the

three-form is
~ m 1 m n 1 m n )
C = C(g) + C(Q)m AN Z 50(1)7”” ANV ANV + EC(O)man ANVEAVT + ws) (2.7)
The field strength G=dC is
A m 1 m n 1 m n D
G = G(4)—|—G(3)m/\y —|—§G(2)mn/\y AV +6G(1)mnp/\y ANV AV

1
+ﬂG(0)mnqum AV AUVP ALY (2.8)



where the reduced field strengths are
1

Gy = dCz) = Claym N = 2 Konnpg A™ N AT N AP N AT
n 1 n

1
G@ymn = DCymn — Caypfrn® — Cloymnp '’ — §Kmnqu4p A A

Gaymnp = DCymnp = 3C ) mlgSinp)” + KmnpgA”
G(O)mnpq = _60(0)[mn|tf|pq]t - Kmnpq (29)
We note the appearance of Chern-Simons-type terms arising from the flux. This will have

important consequences for the gauge algebra of the reduced theory as we shall discuss in
the following sections. The Gr-covariant derivatives are

DCaym = dC2ym + fmp" Coyn N AP
DCwymn = dC1ymn + 2fimig" Cyjnlp A A*
DCoymnp = AC0ymnp + 3f1mje C0)npla A" (2.10)
The zero-curvature equations G(,) = 0 define a Free Differential Algebra [0, [0, I3, [4].
The Bianchi identity dG = 0 gives the set of identities
dG(4) + G(3)m ANF™ =0
DG(g)m + G(Q)mn ANF" =0
DG(g)mn + G(l)mnp ANFP =0
DG @ymnp + Goymnpg ™ =0
DG(O)mnpq =0 (2.11)
where F™ = dA™ + % fap™A™ N AP is the graviphoton field strength.

We now have the necessary information to give the reduction to D dimensions of the
Lagrangian (R.9) on the d dimensional twisted torus X with metric ansatz ([.2) and 3-form
ansatz (R.7). Up to boundary terms, the bosonic Lagrangian reduced to D-dimensions is

Lp=Lr+Ls+L5+V 1 (2.12)
where L arises from the reduction of the eleven dimensional Einstein-Hilbert Lagrangian

1 1 1
Lr=Rx1-— 3 xdp N\dp — §gmpg"q * D@n A Dgpg — 562(5_0‘)“’9,% « F™ AN F™ (2.13)

where Dgpn = dgmn + gmpfnquq + gnpfmquq and

SIS

N G ) S (%) @14)

have been chosen to give the dilaton kinetic term the canonical normalisation and ensure the
Lagrangian has an Einstein-Hilbert term without any conformal prefactors. The reduction
of the four form field strength kinetic term gives

1 4 L o8+a)e mn
Lg = =3¢ " Gy NGy = 3¢ 29" 5 Gy A Gl



1 _
_56 4ﬁ<pgmngpq * G(Q)mp N G(Z)nq

1
_56—2(36—a)gogmngpqgts * G(l)mpt A G(l)nqs (215)

The Scherk-Schwarz reduction generates a potential V' in the effective theory where

1 _
V = _162(0 B (gmngpqgtSfptqusn + zgmnfqmpfpnq)

1 .
_ 5e—4(2/3—a)sagmngpqgtsglﬂ G (0)mpt1 G (0)ngsj (2.16)

Both the geometry and the flux contribute to the potential. The £ are dimension depen-
dent terms arising from the reduction of the eleven dimensional Chern-Simons term

1~ o~ o~
Bra=GAGNC (2.17)

to D-dimensions. The reduction of the Chern-Simons term is given explicitly in the ap-
pendix and generalises that of [If] to include flux. Such reductions to D = 4 have been
considered in (B, -

3. Gauge symmetry algebra

In this section we consider the gauge symmetries of the reduced Lagrangian. The gauge
group arises from anti-symmetric tensor transformations and diffeomorphisms on the twi-
sted torus. The field strengths are invariant under the infinitesimal anti-symmetric tensor
transformations C' — C + dx, where

A

m 1 m n
9(2) + A(l)m ANV + 5)‘(O)mny A%

d/): = (dQ(g) + A(l)m A Fm) + (DA(l)m + )\(O)mnFn) Av™
1

1
+5 (Apfmn® + DAymn) AV AV + SN 0)mg frp™V™ AV AV

(3.1)

and the reduced parameters A(gymn, A(1)m, and (y) are the parameters of independent
scalar, one-form and two-form anti-symmetric tensor transformations respectively. The
corresponding D-dimensional gauge transformations of the reduced potentials are

(5)((/):)0(3) = dQ(g) + A(l)m ANF™
ox (N C2ym = DAym + Xoymn F"

(5)(()\)0(1)7”” = A(l)pfmnp + D)‘(O)mn

~

5X(>‘)C(O)mnp = 3)‘(0)[m|qf|np}q (32)

Diffeomorphisms on the internal manifold lead to a second set of Yang-Mills gauge trans-
formations with parameter w™(x). The requirement that C' is invariant under general
coordinate transformations and the covariant transformation of the one-form v»™

Mw)r™ = —v" fp, WP (3.3)



induces the following transformations on the reduced potentials

1
5(&))0(3) = éKmnpqqum NA" N AP + dE(Q) + E(l)m NE™

1 = = n
5(w)C(2)m = C(2)nfmpnwp + §Kmnpqqun N AP + D:(l)m + :(O)mnF
5(W)C(1)mn = 20(1)[m\pf|n}quq + Kmnpqqup + E(l)pfmnp + DE(O)mn
5(@W)Coymnp = 30(0)[mn|qf|p]tqwt + Kinnpgw? + 3Z(0)(miq finp)” (3-4)

= 1, (3) and
E(O)mnym AV" (35)

has explicit dependence on the internal coordinates® of X. We remove this dependence on
the internal coordinates by a gauge transformation C — C+d) with parameter A= —E(y)

yielding the infinitesimal gauge transformations

0z (w)A™ = —Dw™

1
(52((4))0(3) = éKmnpqqum AN A" N AP

1
5z(w)C(2)m = C(Q)nfmpnwp + §Kmnpqqu4n N AP
5Z(W)C(1)mn = 20(1)[m\pf\n]quq + Kmnpqqup
0z (w)C(O)mnp = 30(0) [mn|qf|p]tqwt + Kmnpqwq (36)

We have included the transformation of the Kaluza-Klein vector fields A™.

The gauge symmetries (dz(w),dx (/)\\)) generate the gauge algebra
[52 ((Dm) ,07 (wn)] = 0z (fnpmwna)p) —0x (Kmnpqud)q)
1
_5W( mnpququn) 52 ( mnpqw POIA™ N An>

[6x (MNoymn) » 07 (WP)] = 0x (MNoymp.frd’@?) = 0x (A()npfmg"w?)
0w (Aym) 0z (WP)] = ow (Aqayn frmp"wP) (3.7)

where the antisymmetric tensor transformations 5X(/)\\) has been split into Jx (Aoymn);
ow (A(1ym) and 65(€2). All other commutators vanish and the identities f[manp]qt =0 and
Kimnp)sflq® = 0 have been used. With a little work, again using the identities f,, fp]qt =
0 and Kppsfq® = 0, it can be checked that this algebra satisfies the Jacobi identity

[[04(c),68(B)]; dc ()] + [[08(B), dc(7)]; da(@)] + [[6c(7), da(a)], 05(B)] =0 (3.8)

where d4(a), d5(8) and é¢(7) denote any of §z(w™), Ix (A©ymn), Ow (Aq)m) and ().

'In general, Z will not be left-invariant but the Lagrangian is still invariant under this transformation.



3.1 Field dependent parameters and Chern-Simons terms

We shall briefly comment on the field dependent terms in the gauge algebra, analogous
to those found in [J] for the Kalb-Ramond field. These terms, surprising at first, arise
generically in theories with field strengths that include Chern-Simons-like terms such as
those in the previous section. As an illustration, consider the simpler case of a three-form
field strength

Hz) = dB(z) — Q3 (3.9)
where

1
Qg = tr (A/\dA—i—gA/\A/\A) (3.10)

is a Chern-Simons term satisfying dQ 3y = tr(F A F) where F' is the two-form field strength
F =dA+ AN A. The one-form A transforms as a Yang-Mills connection dz(e)A = —De.
The requirement that H sy be gauge invariant means B(y), in addition to the antisymmetric
tensor transformation dx (A\)B(g) = d)(1), must transform under dz(e€) as dz(€) B(z) = edA.
The gauge algebra realised on By is then

[62(€),87(¢)] = dx (c€A) (3.11)

which has a field dependent parameter. This is a specific example of a more general
phenomenon involving Chern-Simons terms.

As an example consider the field strength G(3),, with f,? = 0 and Kpppg # 0. In
this case we may write

G@ym = dC2mm — Laym
1
Q(3)m = C(l)mn NF™ — EKmnqun N AP N AT (312)

where dQ(s),, = G2)mn A F™. This leads to the field dependent algebra (B.7).

3.2 Lie subalgebra

The Yang-Mills gauge transformations are dz(w), dx (X)) and comparing with the alge-
bra (B.4) and the discussion of [[] suggests that this might correspond to a gauge group
with Lie algebra of the form

[Zma Zn] = _fmanp + Kmnqupq
[(xmn, Zp] = _quanq + qunqu
[X™", XP1] = 0 (3.13)

where Z,,, and X" are the group generators for the transformations éz(w) and dx (A(g))
respectively. The extra field-dependent terms in the algebra (B.7) would then arise from
the Chern-Simons-like terms, as discussed in section 3.1. This would be the direct analogue
of the string case discussed in [J]. However, the algebra (B.1J) does not satisfy the Jacobi
identities and so is not a Lie algebra, so the situation cannot be so straightforward.



To understand the gauge algebra further, consider gauge transformations with param-
eter

1 v
)‘(O)mn = §fmnp)\(0)p (314)

From (B.9), the effect of the X(O)m transformation can all be absorbed in a redefinition
/v\(l)m = A(l)m + DS‘(O)m (315)

so that transformations of this form do not act. This is because, gauge fields C(y),,, of the
form

1 v
C(l)mn = §fmnpc(1)p (316)

can be absorbed into a field redefinition
C2ym = Cym — DC1ym (3.17)

so that C(y),, becomes massive by ‘eating’ é(l)m7 the gauge boson of the S\(O)m transforma-
tion, so the gauge symmetry with parameter Ay, = % fmnpj\(o)p is broken by any vacuum
of the theory. The remaining gauge fields are the C(y),,, that are in some sense orthogonal
to the gauge fields C(y)n, = % fn®? é(l)p. For semi-simple groups, these can be defined by
taking them to be orthogonal to the C(y), with respect to the Cartan-Killing metric, while
the definition for general groups will be postponed until section 4.

The gauge generators X™" can now be decomposed into a part Xmn satisfying
fmnp)? ™ = (0 and a part XP = fmnp)? ™ generating the transformations with param-
eter Agymn = % fmnpx(o)p. As we have seen, the X? transformations are broken by a choice
of vacuum, leaving the algebra of Z,, and X™" transformations given by

[Zma Zn] = _fmanp + Kmnqupq
[an’ ZP] - _quanq + qunqu
[)Zm",)épq] ~0 (3.18)
In this case, the Jacobi identity holds identically
[[Zma Zn]a Zp] + [[Zpa Zm]a Zn] + [[Zna Zp]a Zm] = Kmnqutquts =0 (3-19)
by virtue of the condition fin,?X™" = 0 and this is a Lie sub-algebra of the full symmetry

group.

4. Symmetry breaking and examples of flux reductions

The reduction on a twisted torus with flux gives rise to a compactified theory with the
gauge algebra (B.7). This symmetry will in general be spontaneously broken by any given
vacuum of the theory. First, some of the gauge symmetry is non-linearly realised, and as
a non-linearly realised transformation acts as a shift on certain fields ¢, d¢ = a + O(¢),

it cannot be preserved by any vacuum expectation value of ¢ and so is necessarily broken

,10,



by any vacuum, so that the gauge group is necessarily broken down to its linearly realised
subgroup. Then any given vacuum solution (e.g. one arising from a critical point of the
scalar potential) can then break the linearly realised subgroup further to the subgroup
preserving that vacuum.

In this section, we will discuss the first stage of symmetry breaking down to the linearly
realised subgroup that is generic for any solution. For vacua with vanishing scalar expecta-
tion value, this is the complete breaking, but for non-trivial scalar expectation values there
will be further breaking through the standard Higgs mechanism. The transformation for
the scalar fields C(g)pp 18

5C(O)mnp = 3)‘(0)[m|qf\np]q + Kmnpqwq + O(C(O)mnp) (41)

and from this one can read off the non-linearly realised symmetries, i.e. the ones realised as
shifts of scalar fields. The non-linear transformation of the C(yy,, fields occurs in a similar

way
5C(1)mn = A(l)pfmnp + O(C(l)mn) (4'2)
4.1 Trivial flux
Consider the flux
Kmnpq = Cmntqut - Cmptfnqt + Cmqtfnpt - qutfmpt + Cnptfmqt - qutfmnt (4'3)

Where Crnp = Cimnp)- The effect of this flux is removed by the field redefinition
1 m n

1
C(Q)m - C(Z)m + §CmnpAn N AP
C(l)mn - C(l)mn + CmnpAp
C(O)mnp - C(O)mnp + Cmnp (4.4)

This flux is therefore physically trivial, and any such flux produces physics that is equivalent
to that of a model without flux.

4.2 Reduction with semi-simple group G

Consider the reduction of M-Theory on a twisted torus X ~ G/T" where G is a, not
necessarily compact, semi-simple group, and I' C G, is a discrete subgroup such that G /T is
compact. The Scherk-Schwarz reduction on such a twisted torus produces a theory in which
the C(2)ms C1)ymn and C(g)mn, fields all become massive through the Higgs mechanism. For
example, the term in the reduced Lagrangian responsible for the C(y),,, field mass is

9 —a)P =mq=nt =ps
L= _562(36 PG G Coty it S gl Cofanies)” + (4.5)

where g and @ are vacuum values for the scalar fields. In addition to the appearance of
Goldstone scalars X (g)mn for the broken symmetries with scalar parameter Ay, the sym-
metry breaking requires a set of Goldstone one-forms X(1),, corresponding to the breaking

— 11 —



of the gauge symmetries with parameter Ay),,, a feature that is qualitatively distinct from
the analysis of string theory discussed in [P, but is generic for higher degree forms. For a
semi-simple group the Cartan-Killing metric 7y,,, defined by

1
Nhmn = _ifmqunqp (4-6)

" may be used to

is non-degenerate and invertible. The inverse Cartan-Killing metric n™
raise the indices of the structure constants f,,"* = 0™ f,,,F. If the flux is zero, the full

gauge algebra of the theory (B.7) corresponds to the Lie algebra

[ZmaZn] = _fmanp

[WmaZn] = _fnmep (47)
with all other commutators vanishing. For convenience, the constants O%np and Hgénp are
defined?

O%np = 347 [mfnp}t

I, = %5[% i) (4.8)
These constants will be seen to play an analogous role in the three-form symmetry breaking
mechanism to f,,,” and f,™" in [f]. The fields which become massive are singlets of the
antisymmetric tensor transformations generated by dx (A(0)mn) and dx (A(1ym). The gauge
transformation generated by dx (£(2)) is not charged under the right action G'r acting on
X and therefore plays no role in the symmetry breaking mechanism defined here. This is
to be expected since the only field that is charged under this symmetry is C'3) which has
no mass-like term in the Lagrangian and is expected to remain the massless gauge boson
of the dx(£(2)) transformation. This mechanism works analogously to the two-form case
for the dw (A(1),,) symmetry, however the 0x (A(g)mn) Symmetry requires more care and it

is consideration of this sector that motivates the introduction of the constants O%np and

mnp
I,

Gr

above. The 0x (A(g)mn) parameter is decomposed into irreducible representations of

o 1 o
A©ymn = A0ymn + ifmnp)\(o)p (4.9)

where fpm"S\(O)mn = 0. The 6x(A(o)mn) gauge transformation is now split into two orthog-
onal parts 5X(5\(0)mn) and 5X(5\(0)m)- The potentials transform as

. 1 e
Ox (A ymn)C@2ym = A@mn " + §D2)‘(O)m

o 1 o
6X()‘(O)mn)c(1)mn = D)\((])mn + §fmnpD)\(0)p
5X()‘(O)mn)c(0)mnp = O%npj‘(O)qt (4.10)

2Various useful identities that these constants satisfy may be found in the appendix.
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where the equality DQ)\(O)m = Ao)pSmn? F™" has been used. Note that S\(O)m now only enters
into the gauge transformations as the covariant derivative Dx(o)m, and O%np fqt® = 0 by
virtue of the identity ([[.) so that C(0)ymnp 15 @ singlet of the transformation generated
by A@ym- The corresponding Goldstone fields of the broken x (Ao)m); dx(A)mn) and
dx (A(1)m) symmetries are defined as

X(0)mn = H%ZC(O)pqt
1
X(m = 5/m™Caynp (4.11)

where fp,"™" X (0)mn = 0. Using ({.10) and (4.11)) one finds that these fields transform as®

5((4)7 X)X(O)mn — A(0)mn + X(O)mpfnquq + X(O)pnfmquq

8w, NxX(1ym = 5 DAoym + A@ym + X0y frrp"w? (4.12)

N = >cC

It is now simple to construct potentials C that are invariant under the infinitesimal
5)((5\(0)7””), (5x(5\(0)m) and dx (A(l)m) transformations

9

Ce) = Ce) = Xm A F™
Cm = Cmm = X©mnt™ = DX1)ym
Citymn = Carymn = DX()fmn] = fn X (1)p
Coymnp = Coymmp ~ OnpX(0)at (4.13)

v

C(3) is not a dx(€(2)) singlet and as such it remains massless, as expected. (In section
5 we will consider cases in seven dimensions with a non trivial flux in which C(3) has a
topological mass arising form the Chern-Simons term in the Lagrangian.) Note that the
Goldstone boson X(1),, for the broken symmetry with parameter A(j),, is also the gauge
boson for the symmetry with parameter A(),,. Thus the gauge boson for the symmetry
generated by dx (Ag)m) is eaten by the C(g),, fields. This is a general result that extends
to reductions on twisted tori X = G/I" where G is not semi-simple. We shall ignore the
symmetry J X(S‘(O)m) in the following as it is always spontaneously broken in this way.
Since these field redefinitions enter in the same form as gauge transformations the form of
the field strengths will be unchanged, except that now we have massive C fields which are
singlets under the gauge transformations where we previously had C fields, which transform

under the anti-symmetric gauge transformations. The algebra gauged by the C fields is
[Zma Zn] = _fmanp (4.14)

All other commutators vanish, and so the gauge symmetry is broken to the semi-simple
group G i.e. the algebra generated by Z,,, and X™" is broken to the subalgebra (4.14)
generated by Z,,. The symmetry may be broken further by a choice of the constant metric
vacuum expectation gm,,. The gauge group G will be broken to the isometry group of the
metric G C GR, for which

5Z(w)§mn = 2§(m\pf\n)quq =0 (415)

3Note that the definition of X(0)ymn Mmeans that is has general symmetry, in particular x(oy(mn) 7 0.

,13,



The Cartan-Killing metric preserves the full gauge group but a more general choice of
metric, as is allowed in the Scherk-Schwarz ansatz, will not giving a reduced theory in
which the graviphotons of the broken symmetries become massive with mass

Lp =~ (GG fini? fs” — 2ms) ¥ A" N A® 4 - -+ (4.16)

In the case of a two form E(Q) with flux Ky, it was shown [, B that one could
introduce the flux Kmnp = frnp = Mm|qSinp)?s for semi-simple Lie group G. It is natural
to ask whether there is an analogous form for the four-form flux, constructed from the

structure constants with an ansatz of the form

Kmnpq = C[mn|sf\pq}8 (417)

in which case there might also be similar field redefinitions that could be found explicitly.
However, in this case the integrability condition Kjp)sfiq® = 0 implies that any flux of
the form (f.17) must have a tensor Gmnp = Cmnp) In Which case the flux is a trivial flux of
the form discussed in section 4.1

4.3 T reduction with flux

If fmn? = 0, then the group Gp is abelian and the internal manifold (after discrete identi-
fications to compactify, if necessary) is a torus. With flux K, the gauge Lie algebra (B.1§)
for such compactifications is

(Zins Zo] = Kopnpg X7 (4.18)

with all other commutators vanishing. The inclusion of the flux in the field strength
Gymnp = KmnpgA? + -+ gives a mass-like term for the graviphotons in the low energy
action. For a given vacuum expectation value of the scalars g and ¢ the graviphoton mass
term is 1

£D:—§th*A’AAh+--- (4.19)

where the mass matrix M,,, is given by
Mlzh = e_ngngpqgtsKmpthnqsh (420)

The internal index m can be split into m = (m/,m), where m’ = 1,2...d and m =
d +1,d +2...d such that, with a suitable choice of coordinates,

Kpnpg =0 Kppinrprgy # 0 (4.21)

Then the transformation of the Cgy,,p, scalars is

60(0)m/n/p/ = Km’n’p’q’wq 6C(O)mnﬁ =0 (422)

The transformations generated by Z,,, with parameters W™ are spontaneously broken,
with C(gynpy the Goldstone fields that are eaten by the gauge fields A™  The Lie group

is broken to the d(d+ 1)/2 — d’ dimensional abelian subgroup T(l)%d(“”l)*d/ generated by
Zm and X™ with parameters w™ and A(0)ymn Trespectively.
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Let K™ "'P'? he any constants satisfying f(m/"/p/q/Kn/p/q/t/ = 0™ ;. Then the Goldstone
m/

fields x ()™ may be defined by

Lol ond A1

X(O)m = Km nrd C(O)n’p/q/ (423)
transforming as a shift symmetry. The xq) m transforms as

6X(0)m =wm (424)

The massive graviphotons Am = A 4 dX(O)m/ may then be defined which are singlets of

the gauge transformations.

4.4 General case

In general the group upon which the reduction is based G may be non-semi-simple and the
flux will only be constrained to satisty K,p(sfiq® = 0. To begin, as in section 4.3, the
parameter A(g),, is decomposed into irreducible representations of Gr

y 1 y
Aoym = ANoym + §me)‘(0)m (4.25)

where the compound index* {M} = {[mn]} where M = 1,2... (g) has been used. Even
though S\(O)m does not appear as a shift symmetry this symmetry is broken in the effective
theory as demonstrated for the semi-simple case in section 4.2. The transformations of the

potentials with shift symmetries are
5((“)7 A(O))C(O)mnp = S‘(O)qtogﬂp + Kmnpqwq + -
1 o
8w, A1) Ctymn = Aypfmn® + §meD)‘(0)m + - (4.26)

The breaking of each of the symmetries and the definition of their respective Goldstone
bosons are considered in turn. First, consider transformations of the scalar fields

8w, M0))Coys = AoymrOM s + K™ + -+
o oMy,
< )M ) <K2m>
= Oz(o)AtAg + - (4.27)

The compound index {X} = {[mnp]}, £ = 1,2... (g) has been defined for convenience.
The basis A =1,2,... (g) is chosen such that t?s, takes the form

ths = <tA’2 0) - t45 0 (4.28)
0 0

where the split {A} = {(A4’, A)} is defined by the CoKernel and Kernel of the map

d

t:-RG) - RG) (4.29)

! (Z) = n'(c;iln)'
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defined by agya — a(O)AtAg. The indices take values A’ =1,2,..d and A=d' +1,... (g)
in the kernel and cokernel respectively. The choice of the basis {3} = {(X',X)} where
Y =1,2,...d and {Z} =d +1,... (g) has also been made. The matrix ¢4y is square
and one may define an inverse = 4 such that tBIE/tNE/ A= 58’ 4. It is then possible to
define the Goldstone boson of the broken symmetry, with parameter o g4/, as

X(O)A’ = C(O)E’?/A’ (430)

which transforms as
dX(0)Ar = Q(oyar + - (4.31)

where the dots denote terms linear in x(g)4’. The C(g)ss are eaten by the massive C(y)pp
whilst the C(O)g remain as massless scalars, or moduli, of the theory.

Consider the one-form shift symmetry generated by the parameter Ay),,. The trans-
formation of the Cyys field may be written as

1_v
(A Oyms> Aym)Coymr = fu™ <A(1)m + §D)‘(O)m> +--- (4.32)

Interpreting fa; as a map
d
2

fiR? - RE) (4.33)

we choose a basis for the kernel of f, labelled by m’ = 1,2...d" and a basis for the cokernel
labelled by m = d’ +1,...d. Then {m} = {(m/,m)} and {M} = {(M',M)}. fy™ may

then be written in the form

/m/
fu™ = <me/ 0) = (fM 0) (4.34)
0 0
The matrix fn/M/ is defined such that fn/M' fM/m/ = §,,V. The transformations then

become
y / 1 .
S(Aym s Aym )Cynr = fur™ (A(l)m’ + §D)‘(O)m/> +O(Caymr)
S(Aoyms Auym)Crayir = O(Cayar) (4.35)

The symmetries generated by the parameters S‘(O)m’ and A(q),, are broken and the corre-
sponding Goldstone bosons are

Xy = Fur™ Clypar (4.36)

where

1. v
6X(1)m’ = A(l)m’ + §D>‘(O)m’ + - (437)

The é’(l)M/ are eaten by the C(y),,, which become the massive é’(g)m/ = Cym' — DX@ym’>
whilst the C1)y; and C(2) remain massless. Various field redefinitions outlined in this
section may be performed to bring the algebra to the form

Tyt Tn) = —tuin” Tp + hianTa (4.38)

,16,



where the Tj, generate a central extension of the unbroken symmetry generated by T,
(with parameter a(O)M ) and all other commutators vanish. For example, in the case of
compactification on the d + d’ dimensional twisted torus G/T' = Gy X T4 where G is a
d-dimensional compact semi-simple group manifold, the linearly realised Lie subalgebra is

where m,n = 1,2...d label the coordinates y™ on G4 and 4,57 = d + 1,...d + d’ label
coordinates y’ on the torus 7%. In this case the isometry generators on the torus Z;
and the gauge transformations X" are always spontaneously broken following arguments

similar to those of the last section.

5. Duality covariant formulations

In [f] reductions of a field theory containing gravity, a two-form tensor with flux and a
scalar dilaton were studied. The compact internal manifold was a twisted torus X = G/T,
where I' C Gp. It was shown that the lower dimensional theory could be written in an
O(d,d) covariant way where a subgroup L C O(d,d) was gauged. This was a truncation
of the results of [{] where the effective low energy field theory of the heterotic string was
reduced on a twisted torus with flux. In the heterotic case the reduced Lagrangian could be
written in an O(d,d + 16) covariant way. A natural question to ask is whether the general
eleven dimensional supergravity reduction on a twisted torus with flux may be written in
a Eg(g) covariant form and if so, what is the nature of the interplay between the global
Eq(4) group, U-duality and the gauge symmetry. It is this question that we address in this
section.

5.1 String theory and O(d,d)

First we review the analysis presented in [ for the sector consisting of a metric g, dilaton
® and a three form field strength which may be written locally in terms of a two form
H3) = dB(s). The low energy Lagrangian is

~ ~ o~ 1 =~ ~
Lpig=e? (R* 14+ +d® AdP — 3 * H 3 /\H(3)> (5.1)

Using the procedure outlined in section 2 the theory described by this Lagrangian is reduced

on a twisted torus with flux

1
K= EKmnpam Ao A o? (5.2)

for H (3) where we use the Scherk-Schwarz ansatz
~ 1
B = B(Q) + B(l)m AV + §B(O)mnljm AV 4+ w(2) (53)

where dw o) = K. The reduced theory may be written in a manifestly O(d,d) covariant

way [0, B

1 1
Lp = e ® <R* 1+ xdp A dop + 5 * G(3) A G(g) + ZLACLBD * DMAB A DMCD
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1 1
— §LA0LBDMAB * .7:0 A\ fD - EMADMBEMCFtABCtDEF

1
+ZMADLBELCFtABCtDEF> (5.4)

The scalars parameterise the coset O(d,d)/O(d) x O(d)

MAB _ g™ —Boynpg™ (5.5)
_B(O)mpgnp Gmn + gqu(O)mpB(O)nq

and

1 1
Gz = dB) + 5 <LAB./4A NFP = Stapo At N AP A AC>

1
Bo) = Brz) = 5Bam A A™
DMAB = AMAB 4 MA%%cpBAP + MBCtopA AP (5.6)

where the one-forms fit into an O(d,d) vector A with field strength F4

A™ Fm
A = FA _ ( n) (5.7)
(B(l)m > G2ym — Boymn ¥

1
G(Z)m = DB(l)m + B(O)mn + §KmnpAn N AP (58)

where

Defining tapc = Laptpc” where Lap is the O(d, d) invariant matrix

Lap = <]?d ]Bd> (5.9)

the structure constants are ¢, = f,,"" and Emnp] = Kynp- 14 is the d-dimensional iden-
tity matrix d,,,. Upper indices m = 1,...,d indicate covariant vectors under the GL(d, R)
subgroup of O(d,d) while lower indices indicate contravariant vectors. The presence of
tag® breaks the O(d,d) symmetry of the ungauged theory to the subgroup preserving
tap®. However, the theory becomes formally invariant under O(d,d) if the constants
are taken to transform covariantly under O(d,d). In [RI]), it was argued that (B.4) is
the Lagrangian for general gaugings of this sector of the supergravity theory. Some of
these gaugings cannot arise from conventional compactifications of supergravity but can
arise from non-geometric compactifications [R1]]. In the string theory, O(d, d) is broken to
O(d,d;Z) and this O(d,d;Z) acts as a T-duality group on the internal space, mixing twist
with flux and in general transforming geometric compactifications to non-geometric ones
such as T-folds [RI].

This theory also has a local symmetry generated by the combined gauge transformation

57(a) = dz(w) + 6x (\) (5.10)

where the dz(w) are the globally defined right action Gg on the internal manifold X =
G/T" and the dx () are antisymmetric tensor transformations acting on the B-field, where
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aq = (W™ A\p) is the O(d,d) covariant gauge parameter of these transformations. In [g
the algebra of these infinitesimals was found to be

07(@), 67 (a)] = 6(tpcaPaC) — dw (Lia pt)peyaPaC AP)
[(5{/[/(1\(1)),57’(04)] =0
0

[w (R ow ()] = (5.11)

where oy (A(1)) generates antisymmetric tensor gauge transformations with the one-form
parameter A(j). The characteristic field dependence in the commutator is a consequence of
Chern-Simons terms of the form (f.6) and arises in a similar way to that seen in section 3.
The Lie algebra subgroup of (p.11]), analogous to that of section 3.2, is

[Zma Zn] = _fmanp + Kmanp
[Zman] = fmanp
(X7 X7 = 0 (5.12)

where Z,, generators of the right action G on the twisted torus, as in section 3 and X™ are
generators of the antisymmetric tensor transformations B — B + d\ and m =1,2,3...d.
Combining the generators Z,,, X", where m = 1,2,3...d, into an O(d, d) vector

T = <Zm X’”) (5.13)
the Lie algebra may be written as
(T4, Ts] = tap“Tc (5.14)

The gauge generators T4 are given in terms of the O(d,d) generators J4p by an
expression of the form

Ta=045"T5¢ (5.15)

Here O is the embedding tensor specifying the embedding of the gauge group into O(d, d).
The generators can be used to define Jap = —Jpa = LacJ c B, which satisfy the algebra

[Jap,Jop] = LapJpc + LpcJap — LacJep — LepJac, (5.16)

In the case at hand, the embedding tensor can be read off explicitly. The generators J4 g
decompose into the GL(d,R) generators J%, Jb, J%, J and we find the gauge generators
are

1
VA %njnp - gmjpn - §Kmnp‘]np
1
XM = B ,’L’;J"” (5.17)

and the embedding tensor can be read off from this. It is completely specified by the choice
of twist and flux.
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5.2 Heterotic theory and O(d,d + 16)

The previous section is a truncation of the results found in [f] for the heterotic theory. The
low energy effective Lagrangian for the bosonic sector of the heterotic theory is

3 (5 ~ ~ 1 = ~ 1 ~ o~

where a,b = 1...16 is a gauge index for the Eg x Eg or Spin(32)/Z, gauge symmetry
and f,;,¢ are the structure constants and the trace is taken over the gauge indices. Setting
o/ =1 the field strengths are

~a -~ 1 @b ~a
N . 1 N . 9 . . .
Hgy) = dBy) — 5tr <A(1) NdAy + 5 A0 A Ay A A(1)> (5.19)

The problem of adding flux to B\(Q) is greatly simplified by assuming the generators of
the gauge group lie in the Cartan subalgebra, breaking the gauge symmetry FEg x FEg or
Spin(32)/Zs — YT(1)1° for which f,;,¢ = 0. The reduction ansatz for field strengths fI(3)
and F, (‘2) are generalised to include the fluxes

~ 1

Hgy = EKmnpam ANo" NP + ...
1

Foy = gMppno™ A"+ (5.20)

where Ky, and MS  are constant® and satisfy

b
M[?nn\tf\pq}t =0 2K[mn|tf\pq}t = abM['fnnMpq] (5.21)
The reduced Lagrangian takes the same form as (5.4) except it is written in terms of
O(d,d + 16) covariant fields. In particular, the scalars parameterise the coset O(d,d +

16)/0(d) x O(d + 16)

MAB = (5.22)
gmn —b(o)npg”™ g™ Aoy
= | —b0ympd™ Gmn + FPB©0)mpb0)ng + SabA)m “Ao)n” A(O[))ma + b(0ympg” "A(O)Z“
— A g™ Aym™ + A" 9" b0ymp 8 + Aoym 9™ Aoyn

where boymn = Boymn + %5abA(0)m“A(0)nb and A = 1,2,...2d 4+ 16. There are also the
O(d,d + 16) vector A4 and corresponding field strength F4

Am o
'AA = B(l)m ‘FA = G(Q)m - B(O)mnFn (523)
A o

(1) (2)

SThere are some subtleties in adding a flux to E(g) in a way that preserves the consistency of the
Scherk-Schwarz truncation. See [ﬂ] for details
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and the O(d, d) invariant matrix Lap is replaced by the O(d,d + 16) invariant

0 1; 0
Lap=|150 0 (5.24)
0 0 Ty

As in the previous section, the gauging breaks the global symmetry, but the Lagrangian
is formally invariant under the action of the global O(d,d + 16) if the structure constants
of the gauge group transform as O(d,d + 16) tensors. The O(d,d + 16) rigid symmetry
then maps one gauging into another, in which the gauge algebra remnains the same, but
its embedding in the duality group changes.

The gauge group L C O(d,d + 16) has symmetry algebra

[62(),072(w)] = 62(frmn?w™S") = 8y (bap My 0") = Sxt (K@) — 0x (Kppnpe" 0P A™)
[0y (X)), 02()]| = —0x (8 Ml Ngy@™) = 05 (B My Ny A™)
[0x (X0)): 0z(w™)] = ox (fimn A(0), ") (5.25)

where 6y()\(0)) = >‘(0)Y generates the infinitesimal gauge transformation 5A‘(11) = d)\‘(lo).

All other commutators are zero. The symmetry algebra (B.7) contains the Lie subalgebra

first identified in [f]

(Zm, Zn] = WP Zy — M2, Yo + Ky XP
[(X™, Zn] = —fnp’”X”
[Ya,Z ] = =6 M2, X"
[Ya, Vo] = [Yo, X™] = [X™, X"] =0 (5.26)

This algebra may be written in an O(d,d + 16) covariant form (f.14) where the generators
form an O(d,d + 16) vector
Ta = <Zm xm Ya> (5.27)

The symmetry algebra (5.25) and Lie subalgebra (p.26) can then be written in the O(d, d+
16) covariant form of (F.11]) and (f.14) respectively, where the structure constants t 5%
are given by t,,” = frn®s tmn® = Mpmn® and tnp = Kinp-

5.3 M-theory, gauged supergravity and Ey)

Dimensional reduction of a generic field theory coupled to gravity on X ~ T followed by
Kaluza-Klein truncation to the zero modes has a global GL(d,R) symmetry. Reductions of
eleven dimensional supergravity have at least a global GL(d,R) x R? where the R? comes
from constant shifts of the three form potential and ¢ = $d(d — 1)(d — 2). The reductions
considered in section three gauge a subgroup of GL(d,R) x RY. Dualising all p-form gauge
fields with degree p > %D in the ungauged theory changes the global symmetry to a global
Eqa) symmetry® [R2, R3]. For reductions to odd dimensions, E4q) is a symmetry of the

SFor d = 6, 7,8, E 4y are the exceptional groups Fgsy, E7(7) and Eg) and for d = 2,3,4,5 the Egq)
groups are defined as SL(2;R) x O(1, 1), SL(3;R) x SL(2;R), SL(5;R) and O(5, 5) respectively.
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Lagrangian. For reductions to even dimensions, Eg) is a symmetry of the equations
of motion and Bianchi identities 24-Rf, B(J. However one may introduce an auxiliary
Lagrangian, using the doubled formalism of [P4, Pj], in which the field strength of degree
%D is combined with its dual into a single irreducible representation of Ey(4). The number
of physical degrees of freedom is maintained by requiring that this doubled field satisfy a
twisted self-duality condition [P4, Pg]. Using these doubled fields, a Lagrangian for this
theory may be constructed with manifest Fy4) global symmetry.

Given a supergravity with an Egq) global symmetry of the action (which uses the
doubled formalism in even dimensions), one may seek supersymmetric gaugings of sub-
groups of E). Many classes of examples have been found, but until recently no coherent
framework for a programme to systematically classify such gauged supergravities had been
found. In [R7-Bd] doubled Lagrangians were proposed for the D = 5 and D = 7 gauged
supergravitites with manifest Eg(g) and SL(5) covariance respectively. Similar actions are
conjectured to exist in all dimensions. These ‘universal’ Lagrangians are conjectured to
contain all possible gaugings of E;(4) and are reviewed in the following sections. The gauged
supergravities discussed here that arise from twisted torus reductions with flux arise from
gauging subgroups of the GL(d,R) x R? that is a symmetry before dualising. Moreover,
the non-abelian interactions of the gauged supergravity provide obstructions to the duali-
sations of p-form gauge fields used in the ungauged theory to obtain the E;4) symmetric
form. However, instead of dualising p-form gauge fields to D — p — 2 form gauge fields one
can instead use the doubled form with both p-form gauge fields and D — p — 2 form gauge
fields, using a ‘universal’ lagrangian for the gauged supergravity. This raises the question
as to whether the gaugings obtained from twisted torus reductions can fit into the class of
gaugings of subgroups of Eyg) of [B7- B0, or whether they provide a separate universal-
ity class. At first glance, the lagrangians seem to be of a rather different form, with our
compactifications giving second order kinetic terms for certain p-form gauge fields, whereas
the corresponding p-form gauge fields in the E;(g)-covariant formulation have a first order
kinetic term. We show that these kinetic terms are in fact dual actions for the same theory.
The theories then agree at the quadratic level and have the same supersymmetry and gauge
symmetry, so the full non-linear theories should be identical. We check this explicitly in
a particular case, and provide a number of checks on the conjecture that the full theories
arising from twisted torus compactifications with flux do indeed arise as gaugings of Fy)
in the universal approach.

5.3.1 Five dimensional gauged supergravity

Compactifying eleven dimensional supergravity on a six dimensional torus and dualising
the C3) and C(g),, potentials gives a theory with a rigid Eg) symmetry and one form
potentials Aé) (A=1,....,27) transforming in the 27 of Eg). A gauging of the theory,
which breaks the global Fg) symmetry, sees some of the -’4241) become non-abelian gauge
bosons, whilst those that are not involved in the gauging must be dualised to massive, self-
dual two forms Byz)4 [B1]. The difficulty in performing a systematic analysis of the different
gaugings is due, in part, to the fact that different gaugings require different numbers of one
forms to be dualised and therefore the Lagrangians of differing gaugings may appear quite
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different. This problem was overcome in [R7 where a doubled formalism was proposed in
which 27 B4 are introduced in addition to the 27 Aé) and general gauge groups are
allowed. The correct number of physical degrees of freedom is maintained by introducing
additional gauge symmetries which remove the extra unphysical degrees of freedom. When
a choice of gauge group is made, the excess Bz 4 are projected out and the "4?1) not
involved in the gauging are eaten by the remaining B()4. This five dimensional example,
reviewed below, was studied at length in [P7] where further details may be found.

The subgroup of the global Fge) symmetry that is to be gauged is specified by an
embedding tensor © 4%, giving the generators 74 of the gauge group G in terms of the
global symmetry generators J,, of Egg)

Ta = 04%J, (5.28)
The gauge algebra is required to close to give
[Ta, 78] = tap“To (5.29)

for some t 45¢. Consistency of the gauging and the requirement of maximal supersymmetry
place constraints on which gaugings and groups are allowed and these constraints were
studied in detail in [B0, P, B9, 7. One of these is that the embedding tensor is required
to be in the 351 representation of Eg(g) X Eg(). The ungauged theory has one-form fields
./4(1)‘4 which transform in the 27 of E¢(6), and under the action of the gauge symmetry with
parameters A(O)A(:U), these one-forms transform as connections, up to terms annihilated
by projection with the embedding tensor

©4% (a(A))Am ™) = 04% (DAR)?) (5.30)
where the derivative is given by
DAy = dA(yy + 9T Af AG) (5.31)

It is useful to define the following matrix representation of the gauge group generators
acting on the 27-dimensional representation (74) 3¢ = T4 where it is stressed that T4 5¢
will not be antisymmetric in the lower indices in general. For the gauging defined by the
embedding (5.28) to be consistent (74)5¢ must decompose into the adjoint representation
of the gauge group plus parts that vanish under contraction with the embedding tensor
such that

(TA)BC@Ca = —tABC@(ja (5.32)

Using the totally symmetric Eg(g) invariant tensors dapc and dABC | the tensor Z4B =

— zBA 5 defined as

ZAB — 7 plAgPIeP (5.33)
such that

Tap)© =dappZ°P (5.34)
Furthermore it may be shown that ZABQgpe = ZABT, — (. These constraints then
ensure that T(AB)CGCO‘ = dappZP¢Oc™ = 0 so that the Typ“Oc® are antisymmetric

TagfOc® = —Tpa©Oc°, and they are to are identified with the structure constants of
the gauge group.
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As explained in [R7], the required generalisation of the gauge transformation is
SA(Mo)) Any? = dhoy* = gTiper Moy Any® — 924 PE B (5.35)

where a shift symmetry with arbitrary parameter =()4(x) has been introduced. This
indeed projects to (5.3(). The gauge fixing of this symmetry ensures that the number of
degrees of freedom in this doubled formalism reduces to the correct number with the shift
symmetry removing the surplus degrees of freedom. The following results are also useful

TacPTep? — TecP Tap® + TapPTpc? = 0

Tian Tipey” + Tipa“Tisa)” + Tipp)“ Tiacy® = drepTan“Z25F (5.36)

so that the Tj AB}C only satisfy the Jacobi identity in the subspace projected by the em-
bedding tensor.

5.3.2 Eg) covariant lagrangian

The bosonic sector of the Fg) universal Lagrangian is, to quadratic order,
1 —1
Ls = R*1+Ztr(*DM/\DM )
1 1
_§MAB * H(2)A A\ H(Q)B + §gZABB(2)A A DB(Q)B + - (5.37)

where + --- denotes terms of higher order. The M are scalars parameterising the coset
space Eg(g)/USp(8). The two-form field strength is

1
Hey = dAw)" = 59Tmr An)” A AW + 924 By (5:38)
This field strength transforms covariantly as
(S(A(O))H(Q)A = —gTCBAA(O)BH(Q)C (539)
under the gauge symmetry generated by the infinitesimal transformations
24%6Bo)p = 27 DE() s + 92" M o) Tion) "By
1
—g24P <dBCDd-A(1)C - §QTEBCdCDF~A(1)E A A(1)F>
SAm* = dho)! = 9Tipey Moy P AL — 924 P2 (5.40)
These infinitesimals generate the symmetry algebra
[5/\(7\(0)),5/\(1\(0))] = oA <97IBC}A1~\(0)BA(0)C) — 0= (gdAB[CTDE}BK(O)CA(%)A(UE)
- 1 -
[02(Z(1)), 0a(A(o))] = 9= <§QTCMBA(0)C:(1)B>

[5E(§(0)),55(5(0))] ~0 (5.41)

— 24 —



This symmetry algebra is not a Lie algebra due to the field dependence on the right
hand side of the first commutator and is of the general form of the algebras found in flux
compactifications of field theories on twisted tori (B.7).

The Lagrangian (p.37) is conjectured to describe all possible gaugings of maximal
supergravity in five dimensions, where a specific gauged supergravity is defined by the
appropriate choice of embedding tensor © 4. The fields in (f.37) transform covariantly
under the action of the global Eg), but for a given gauging the Lagrangian is not invari-
ant. However, if we allow the embedding tensor, and in particular ’T[AB]C and Z4B, to
transform under Eg) then the Lagrangian (p-37) is invariant. The action of the global
FEg6) changes the embedding tensor, relating apparently different gauged supergravities
to each other. One may then think of the Fgg)-invariant Universal Lagrangian (.37) for
gauged supergravity as the counterpart of the O(d,d) and O(d,d + 16) theories (f.4).

The gauged supergravities in seven dimensions have a similar structure, with an
SL(5,R) invariant action [d]. For even dimensions, the self-duality of field strengths
of degree D/2 makes the construction of the O(5,5) and Ey(;) invariant Lagrangians
with doubled degrees of freedom in six and four dimensions more challenging, but recent
progress [R§, suggests that the results of R7] and [R9] can be extended to all dimensions.

5.3.3 Symmetry breaking and gauged supergravity

The choice of an embedding tensor breaks the Eg ) invariance of the universal Lagrangian
(B:37). Following 7], an Egg) basis may be chosen where A = (m, a,u) withm =1,2,...s,
a=s+1,s+2,...27—t and u = 28 —¢,29 —t, ... 27 where s is the rank of the embedding

tensor and t is the rank of Z45. In this basis the constant FEg(6) tensors are written

_tmnp hmna Cmnu 00 O
(Tm)BC = 0 0 Cnd* ZAB = 00 O (542)
0 0 Dp" 00 Zw

where Z" is non-degenerate and invertible. This defines the gauge algebra

[Tm7 Tn] - _tminp + hmnaTa + CmnuTu
[Tm7Ta] - CmauTu
(T, Tw] = DTy (5.43)

which is indeed a subalgebra of Ej ).

All antisymmetric tensors B4 appear in the Lagrangian contracted with ZAB 50
the above choice of coordinates project out all but the B(s), from the theory. Making the
gauge choice

E(l)u = gilzuv-A(l)v (544)

u

the gauge bosons A" are gauged to zero, whilst the B(y), absorb the A" degrees of

freedom. Defining the tensor

[;)(z)u = ZuvB(Q)v + g_lD.A(l)u + - (5.45)
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the gauged theory, to quadratic order, becomes

Ls=Rx*x1+ %tr (*D./\/l A D./\/l_l)

1 1 9 9
_§MAB * .7:(2)14 A .7:(2)B + §gZuvB(2)“ A DB(Q)U + .- (5.46)
where
Fo"
Foyt = Fo)® (5.47)
Ba)®

and F (o) are covariant field strengths.

Foy" = dA™ — %gtnpmA(l)" A Any?
Foy" = dA* + %ghmna.A(l)m ANAqy" (5.48)

The Lagrangian (5.46) has a gauge symmetry with Lie algebra
[Tn, Tn] = —tun” Tp + hynn"Ta (5.49)

where all other commutators vanish. Note that this is not a subalgebra of (5.49) in general,
but is the remaining symmetry after the gauge fields A(;)* have been eliminated.

5.4 Flux compactifications of eleven dimensional supergravity and the universal
lagrangian

Setting the flux and geometric twists to zero, the reductions of section 2 give the reduction
of eleven-dimensional supergravity on T¢. The resulting effective theory is a massless,
ungauged, maximal supergravity in D-dimensions with GL(d;R) RUI=1)(d=2)/6 g]obal
symmetry. Dualisation takes the ungauged, massless theory that arises from dimensional
reduction to a theory with a global Fj4) symmetry. For more general reductions, such as
those considered in this paper, fluxes and curvature of the internal space give rise to massive
deformations and in general one finds obstructions to the usual dualisation procedure.
There is then an issue of whether the Lagrangians produced by flux compactifications on
twisted tori presented here arise within the Universal Lagrangian formalism. We shall
argue that the Lagrangian (R.13) is not described by the Universal Lagrangians, but an
equivalent, dual form can be found which is contained in the Universal formalism. First,
we shall discuss the dualisations needed for the discussion.

5.4.1 Dualisation

It is instructive to begin by reviewing the Hodge dualisation [Bf]. Consider a D-dimensional
(p — 1)-form gauge theory where the field strength G(,) = dC(,_y) is given in terms of the
potential C,_1). The equations of motion and Bianchi identity

d * G(p) =0 dG(p) =0 (5.50)
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are exchanged under the duality generated by G, — Hp_,) = *G(,). The dual theory
then has equations of motion and Bianchi identity

d * H(D—p) =0 dH(D_p) =0 (551)

The dual Bianchi identity allows one to define a potential ¥(p_,_1) locally such that
Hp_py = dI(p_p_1). This duality may be derived from a Lagrangian by treating the field
strength G, as the independent variable and introducing ¥(p_,_1) as a Lagrange multi-
plier, constraining the theory to satisfy the Bianchi identity dG(,) = 0. The Lagrangian
is

1
L=—5%G NG+ dIp—p1) A Gy (5:52)

Variation with respect to G, leads to the duality constraint «G(,) = H(p_,). Substituting
for G(,) back into the Lagrangian gives the Lagrangian for the dual theory.”

More general models, particularly those based on reductions of eleven-dimensional
supergravity, will have Chern-Simons terms in the field strengths and in the Lagrangian.
It is therefore necessary to generalise the above toy model to include such terms. Consider
a field strength

Gp) = dCp-1) + W) (5.53)

with a Chern-Simons like term W, that is not closed in general and the D-dimensional
Lagrangian

1
L=—5%Gop NG+ Qg NdCipny +-- (5.54)

where Q(,) and terms denoted by +--- are independent of C(,_y). Following L), we will
refer to g-form Q,) with ¢ = D — p as a transgression term; in general, it is not closed.
The field strength satisfies the Bianchi identity

(5.55)

and the Chern-Simons term has the property that dW,) transforms covariantly under the
gauge group even though W, generally will not. The reduction of the eleven-dimensional
supergravity on a torus, followed by a truncation to the zero modes, gives a Lagrangian of
this form.

In the toy model above with W = Q = 0, duality exchanges the equations of motion
and Bianchi identity. The exchange G,y <> Gy is then a symmetry of the theory. In this
more general case, it is no longer the case that G, is simply exchanged with its Hodge
dual. The correct duality transformation requires that @ and the Chern-Simons term W
should also be exchanged. Treating the field strength G, as an independent variable and
adding a Lagrange multiplier term generalises (5.53) to the Lagrangian

1
Lay=—5*Gp) NG+ Qg N Gy = W) + 06— A Gy = W)+ (5.56)

"In fact, the dual Lagrangian calculated in this way is £ = —%(—l)p(D*p) * Hip_py N Hp_p) We shall

p(D-p) _

assume that ¥(p_,_1) is rescaled to §{¥(p_p,_1) where 52(71) —1 to give the kinetic term the

canonical normalisation.
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Variation of this Lagrangian with respect to 9(,_1) gives the Bianchi identity (.59), from
which we may introduce the C(, 1) potential as in (p.5d). This definition of the field
strength (5.5J) may then be substituted back into (5.56) and the equation of motion

d * G(p) = dQ(q) (5.57)

arises from a subsequent variation with respect to C,,_y). If instead Gy is treated as the
independent variable, the variation of the Lagrangian (5.5¢) with respect to Gp) 18

Gp) = *Hg) (5.58)
where the dual field strength is defined as
Hgy = d¥g-1) + Q) (5.59)

Substituting for G, using (p.5§) in the Lagrangian (b-50) gives the dual formulation of
the theory

~ 1
L= 9" Hpy A Hpy = Wiy A Hg) (5.60)

The interchange of @ and W terms is quite clear from this example. This is a general
feature of such dualisations.

This method of dualisation can not be applied to the flux reductions of eleven-dimen-
sional supergravity on 7% as will now be demonstrated. In eleven dimensions this theory

has Chern-Simons term

1~ -~ -
L1 = EG/\G/\C (5.61)

If the three-form has a constant left-invariant flux of the form ([[.§) then C=0C+ @ (3)s
where K = dw3), as in section 2. The Chern-Simons term (6.61), after integrations by
parts, becomes

1 1 1 1
L1 = gdC NdCAC +5dCNCAK +5CNKAK + 2K AK A (5.62)

The last term may be ignored here as it does not contribute to the equations of motion of
C. Reducing (F.69) on T¢ one finds that the reduced theory includes terms of the form®

1
Lp = 5,&0(1,,1) A G(q+1) + - (5.63)

where D = p+ ¢ and p is a constant parameter related to the constant flux” Kynpg. For
example, in D =7

1
1= €™ Knnpg (5.65)

8See appendix C for details.
9All internal frame indices have been suppressed but in general there will be a contraction of these
indices with an alternating symbol, proportional to
m1m2.4.m4,pn1n24.4n3,q0(

SH

2 p—1)mima..my_, /\G(q+1)n1n24.4n3,q (564)

,28,



Terms of the form (5.63) are not included in the Lagrangian (5.56) so the previous con-
siderations must be generalised in the presence of flux. Such terms are mass terms and
occur in two distinct ways. The first type of mass term occurs when p # ¢ + 1 and in
principle may occur in any dimension. The second, where p = ¢ + 1, is the special case of
a topologically massive theory and only occur in odd dimensions. The following sections
give explicit constructions of the dual formulations of such Lagrangians.

5.4.2 Duality of massive theories

Consider the Lagrangian

1 1
L=—5%Ga) NG) = 5 * Flgrn) NFgry + 1Chp-1) A Fgin) (5.66)

for the potentials C(,_1) and B(,_;) with the field strengths G,y = dC,_1) and F(41) =
dB(, where D = p+ ¢ and p is a constant. In terms of (5.54) this Lagrangian has
Qg = uB(g). Flg41) is dualised by introducing a dual potential J(,_o) as a Lagrange
multiplier, to enforce the Bianchi identity dF(,;1) = 0. The constrained Lagrangian is

1 1
L=—5%Gu) NG = 5 * Flgrny AN EFgrn) +1C0p-1) A gy = -2 N dFgrr) (5.67)

Considering F{;) as the independent variable and varying (B.67) with respect to it defines
the dual field strength H,_;) = *F{,41) where

Hp-1) = dip-2) = nCp-1) (5.68)

The dual Lagrangian is

1 1
L= N Gy NGy — P Hp-1) N Hp-1) (5.69)

This dual theory is invariant under the abelian gauge symmetry generated by the infinites-
imal variations

0Cp-1) = dAp-2)  Wp-2) = ~HAp-2) (5.70)

A massive gauge singlet potential may be defined as
Sp-1) = Clp-1) = 1 A2 (5.71)

such that H,_ 1) = —uS(—1). The dual Lagrangian may then be written

~ 1 1
L=~ *dSp1) AdSg1) = 51” * Spo1) A Sp-1) (5.72)

The reduction of the eleven-dimensional supergravity to six dimensions with flux contains
terms of the form (5.66) with p = ¢ = 3, which may then be rewritten in the form (5.73).
We anticipate that it is this latter form that arises in the O(5,5) covariant Universal
Lagrangian.
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5.4.3 Duality of topologically massive theories

Topologically massive theories are possible in odd dimensions for forms of degree (D —

2
1) B9-H]. Consider the Lagrangian
1 1
Lo = 3 * G(p) A G(p) + §MC(p,1) A\ dC(p,l) (5.73)

where G(,) = dC(,_1). Flux reductions of eleven-dimensional supergravity on T to odd
dimensions generically contain terms of this form. Variation of (5.73) with respect to Cip-1)
leads to the self-duality constraint

d * G(p) — MG(p) =0 (5.74)

so that G(,) has the number of degrees of freedom one would expect of a massive p-form
field strength. Applying the dx operator to this equation produces the equation of motion
for a massive field

(O- )Gy =0 (5.75)

The self-duality constraint (p.74)) implies that *dCp_1) — pCp—_1) s closed so that locally
one may introduce a dual potential ¥(,_s) such that

*dCp—1) = HC(p-1) = dV(p-2) (5.76)

The gauge invariance of G(,_1) under the transformation 6C(,_ 1) = dA(,_2) induces the
transformation in the dual potential 69, o) = —pA(_2).

The standard (massless) dualisation techniques do not work in this topologically mas-
sive case as the Lagrangian can not be written solely in terms of G(,). However there is a
formalism discussed in [f2] that may be generalised and used to define a dual Lagrangian.
Consider the first order Lagrangian

1 1
Los=—=Gpy NSp-1) + §MG(p) ACp-1) + 9 *Sp-1) N Sp-1) (5.77)

where a (p—1) form field S,_;) has been introduced. This can be thought of as a doubled
formalism as the set of fields has been doubled. The invariance of this Lagrangian under the
gauge transformation 0C(,_1) = d\(,_2), up to an irrelevant total derivative, requires that
0S(p—1) = 0. Taking the variation of the Lagrangian (b.77) with respect to S(p—1) gives the
constraint G,y = *S(,_1), which when substituted back into L¢ g, gives the topologically
massive theory of (b.7d). Variation with respect to C(p—1) gives the self duality constraint
d(xG(p) — nCp—1y) = 0 and subsequently the equation of motion (O — 1%)G(,) = 0.

Alternatively, varying L¢ s with respect to C(,_1) gives the complimentary constraint
dSp—1) = pG(p) which may be written

Stp-1) = #Cp-1) + dVp—3) (5.78)

(B.78) may be thought of as a definition of the massive S,_1) field in terms of a gauge field
C(p—1) eating J(,_s). Substituting the constraint (6.79) back into the doubled Lagrangian

gives the dual theory
1

. - 1
Ls= ok ldS(pfl) ANSp-1) + B) * Sp-1) A Sp-1) (5.79)
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The equations of motion from Lo and ENS are equivalent so the Lagrangians are classically
dual.

In this way, the quadratic terms of the form (f.79) for 2-form gauge fields in D = 5
and 3-form gauge fields in D = 7 arising from twisted compactifications with flux can be
dualised to (p.79), which is the form of the quadratic term for these gauge fields in the
Universal Lagrangian in these dimensions given in B§] and [Rg]. It is to be expected that
once the gauge group is chosen and the quadratic form of the theories fixed, supersymmetry
and gauge invariance should determine the theory uniquely. As the two theories agree at
the quadratic level and are gauge invariant and supersymmetric, they should be fully
equivalent. However, the non-linearity of the theory and the need for field redefinitions
makes this hard to verify in general. We shall instead check the full non-linear equivalence

in a particular model simple enough to allow a complete analysis.

5.5 Example: flux compactifications to seven-dimensions

The Universal Lagrangian in seven dimensions was constructed in [BJ) along the same
lines as the five dimensional case of [P§| reviewed in section 5.3. The ungauged theory
has an SL(5,R) symmetry, and this extends to a formal symmetry of the gauged theory
if the embedding tensor that specifies the embedding of the gauge group in SL(5,R) also

transforms. The embedding tensor © 4 B,(;D defines the gauge generators 74p as
Tap = Oapctp (5.80)

where tp are the generators of SL(5) and A = 1,2...5. Tt is useful to define the projectors

ZAB.C and Yap in terms of the 5 and 10 representations of the gauge generators T4 B7CD

and TAB’CDEF = QTABJC[EéD]F] respectively, where
Tapc” = ©apc” =04 Vpc — 22aBcEr 25570 (5.81)

The theory has the potentials .Aé]f in the 10 of SL(5) and B(y)4 in the 5 of SL(5). In

addition there are self-dual three forms Sé) in the 5 representation. The SL(5) and gauge
covariant field strengths for these potentials are

1
Hé)B = d.Aé? + §gTCD,EFAB.A8§) A A(Elf + gZAB’CB(Q)C

2
Hzya = DBya+ EABCDEAg)C A d.,élgﬁE + ggEABCDETIPG,HAg)C A Aﬁgf A Agg: n

+9yABS£)
1 1
A A AB AB,C AB CD EF
H(4) = DS(3) + .7:(2) A\ B(Q)B + 592 B(Q)B A B(Q)C + §5BCDEF~A(1) A A(l) A d.A(l)
1
+69<€BCDEFTGH,IE-A6)B A ./4(01? A A(Cg{ A A(IS (5.82)

AB _ 1/AB AB,C
where .7:(2) = 'H(Q) —gZ Bg)c-

As an application of the techniques of section 5.4, consider the reduction of eleven-
dimensional supergravity on a four-dimensional torus to seven dimensions. A flux K is

introduced as described in section 2. Using the field redefinitions of appendix B, the
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Lagrangian of the reduced theory is (R.13) where the Chern-Simons term, given in full in

appendix C, may be written as
1 0
L5 = dCg) N Qa) — 75" 1dCiaym A dCay A Cliypg + L7 (5.83)
where G4y = d6(3) + Wy and
mnpq 1~ 1~ ~
Q(g) =€ _EC(Q)m N dC(O)npq + gC(l)mn N dC(l)pq (5.84)

is independent of C~’(3). L';FOP is the topological mass term

ETOP = —MC(g) A dC(g) (5.85)

and the parameter p defined by

1
= ﬂemnqumnpq (5.86)
is the topological mass of the 6'(3) field. As discussed at the end of section 5.4, this mass
term prevents the dualisation of the three form but a dual formulation of the theory may

be found following the discussion of section 5.4.2. Consider the first order Lagrangian
~ 1 = 1
20
Log = —ePGay NS +dC) A <Q<3> + 5#%)) +5 %53 NS

1 - - ~
_Eemnpqdc(Q)m A dC(Q)n A C(l)pq + L (5.87)

generalising that of (5.77), where £’ represents all those terms in the £; Lagrangian that
neither depend on C'(3) nor enter into the Chern-Simons term £7°. Taking the variation of
Lz ¢ with respect to S(3) produces the duality constraint

S5y = 2 x Gy 5.88
(3) (4)

Substituting this back into the first order Lagrangian (.87) gives the Lagrangian (.19)
for the flux compactification of eleven dimensional supergravity on T%. If instead, the first
order Lagrangian is varied with respect to C(3) the constraint d(e ZW’S — Q) —uCz) =0
arises, which may be written as

620“'05(3) = H(g) (589)

where Hzy = d(g) + Q3) + ,uCN'(3) for some two-form 9(3). Combining the duality con-

straint (5.89) with (5.89) gives
e 1« Gy = Hy, (5.90)

In the case of zero flux g = 0 this duality constraint reduces to that required to produce
the SL(5) invariant Lagrangian in the ungauged theory. Substituting the constraint (5.89)
back into the first order Lagrangian (5.87) gives the dual theory

1~ = - 1o t0p, 3 13
Ls = 51 A (a5 +2Wi —2071dQqs) ) + 5u%e 4% « 55y A Sy
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L 1 mn ~ ~ ~
+§M 1Q(3) A dQ(g) — Ee pqu(g)m A dC(g)n N C(l)pq +r (5.91)

where the three form 5(3) is defined 5(3) = u*162a”5(3). The gauge variation of the first
two terms in the second line cancel so that this Lagrangian is gauge invariant. Using (5.89)
this Lagrangian may be written in terms of C(3)

1 ~ ~ 1 e
L= —§MC(3) A (dC(3) + 2W(4)) + §M26 dag 4 H(3) /\H(3)

1 mn ~ ~ ~
—W(4) A H(g) — Ee pqu(Q)m A dC(Q)n A C( +L (5.92)

1pq

It is then a straightforward, if laborious, process to show that this Lagrangian is equivalent
to the seven dimensional Universal Lagrangian of [PJ] with embedding tensor defined by

ZABC _ =M 50 5.93

corresponding to the generalised structure constants

D D H D EF H 5[E| S5|F
Tapc” =Oapc :—26%—62953352 TaB,cD 2—6%6—29514[3‘50‘131 (5.94)

where the constants ¢; and ey are determined by the full universal Lagrangian. The poten-
tials of the Universal Lagrangian are given by the reduced potentials, up to the constant
factors €; and €9 as

A“?ff)b =A™

E25mnpq“41()1q) = Ciymn
dey 1 .
4¢? 1
5. — 1 m n
8(3) o _g (C(?’) - éc(l)mn NATNA ) (595)

The field strengths are related by

o
€2€mnqu€g) = G(Q)mn + C(O)monp
461

Ham = - Cam
2 (G
Hap = —g | Ho + 5" Comm e
4¢e?
5 1

5.6 Other dimensions

In four dimensions the graviphoton field A™ and its dual must be included in the same

multiplet to write the ungauged theory in an FEy(7)-invariant form. Such a theory in which

,33,



the isometry symmetry is doubled cannot be given a purely geometric interpretation. If
instead only the C(yy,,, fields are doubled then it was shown in how the conjectured
Lie algebra of this theory could be embedded in E7(7). In the absence of a the complete
FE(7)-covariant Universal Lagrangian it is difficult to comment on this conjecture. However,
it is clear that the gauge algebra (B.1§) is a contraction of that presented in [f] and it is
therefore plausible that the relation between two gauge theories could be similar to the
relation between the CSO(p,q,r) and SO(p + r,q) gaugings of maximal supergravity in

four dimensions presented in [B7, Bg].

6. Non-geometric solutions and duality

In this paper we have considered in detail the Scherk-Schwarz dimensional reduction with
flux of (the bosonic sector of) 11-dimensional supergravity to any dimension, to define
a lower-dimensional gauged supergravity theory. We expect these to fit into the general
gauged supergravities of 27, P9, and have checked this in detail in the case of certain reduc-
tions to seven dimensions. We have also addressed the issue of whether these reductions
arise from compactifications of M-theory. In general this is not the case. The Scherk-
Schwarz reduction can be thought of as arising from a reduction on a group manifold G
followed by a truncation to a finite set of lower-dimensional fields. For this to arise from a
compactification with mass gap, it is necessary that either G is compact, or that there is a
discrete left-acting subgroup I' such that G/I' is compact, in which case the reduction is a
truncation of the compactification on G/T', and this can be extended to compactification
of M-theory on G/I". This gives a wide class of explicit flux compactifications of M-theory.

An important feature of the general formulations of gauged supergravity of 27, B, B0,
B9 is that they are covariant under the action of the E,, duality group, and so provide a
formalism to discuss the action of duality transformations in such theories. The situation
is then similar to that described in [f, 1] for compactifications of the heterotic string. In
all of these cases, a conventional reduction on a torus 7% gives an ungauged supergravity
theory with a duality symmetry U. Here U = E4,; for reduction of M-theory on 79! or
type II theory on 7%, and U = O(d, d+16) for reduction of heterotic strings on T¢. For the
common sector of these theories has U = O(d, d), and this is also the group for reduction
of bosonic strings on T The gauged supergravities are deformations of these theories in
which a subgroup H of U is promoted to a local symmetry, so that the minimal couplings
break the original U symmetry to a subgroup containing H. Remarkably, the remainder of
U still has a natural action; it is no longer a symmetry, but acts on the embedding tensor
and gauge coupling constants, so that the mass terms and scalar potential are changed, as
are the minimal couplings. As a result, U acts to take one gauged supergravity to another.
In fact they are equivalent field theories related by a field redefinition, as in [B, B], but
the embedding of the gauge group in U is changed to a conjugate one.

However, the action of U becomes non-trivial if one tries to lift these theories to higher
dimensions. This was analysed in detail in [R1] for the case U = O(d,d). For example,
starting with a twisted torus reduction with twist f,,,” and H-flux K,,,, and gauge algebra

[Zma Zn] = _fmanp + Kmanp
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[ZmaXn] = fmanp
(X™ X" = 0 (6.1)

it was found that some O(d, d) transformations can interchange twist with flux, or mix them
together to give a new twisted torus reduction with flux. However in other cases, an O(d, d)
transformation can take a geometric compactification to a non-geometric backgrounds such
as a T-fold, with T-duality transition functions [BJ]. This generalises to the case of M-
theory reductions with flux. In some cases the duality might take a twisted torus reduction
with flux to another twisted torus reduction with flux, with transformation properties for
the twist and flux, generalising the Buscher rules, that can be read off from the supergravity.
In others it must give a non-geometric background, such as U-folds [BJ], with U-duality
transition functions.

To see how this works in more detail, recall that the data for the gauged (super)gravity
theories arising from (the common sector of) superstring theory is all contained in the
structure constants t45¢ for the gauge group, which is a subgroup of O(d, d). As we saw
in section 5.1, for twisted torus reductions with flux, these are constructed from the twist
(the structure constants fy,,? of the group G) and the flux K,,,,. However for a general
subgroup of O(d, d), the Lie algebra will be of the form

[Zma Zn] = _fmanp + Kmanp
(Zm, X = honp" XP + h"P Z,,
[(X™ X" = fmn XP 4 K™ 7, (6.2)

and these parameterise the general gauged supergravity theory [R1]. The Jacobi identities
constrain the structure constants such that (4 5P toy p¥ = 0 and the action of the adjoint
representation must be trace-free ¢ »4 B =0.

In a twisted torus reduction, f,,,” and K,,,, are the twist and flux respectively, sug-
gesting that fm"p and K™ might be thought of as a dual twist and dual flux [B3, RI].
Under O(d,d) transformations, t45¢ transforms as an O(d,d) tensor, so that in general
T-duality mixes frn?, Kmnp, hmp'™s %m"p, fm"p and K™, In special cases, a twisted
torus reduction specified by fi,,” and Ky, will transform under certain T-dualities to
a new twisted torus reduction specified by some f], P, K,’nnp so that T-duality mixes the
twist and flux to give a new twisted torus reduction of the same form. However, in general
an O(d,d) transformation will lead to a general structure fin?, Kmnp, hmp™, h np fm"
and K™ with dual twist and flux B3, B1]. The interpretation of the dual twist and flux
was discussed in [R1] and they typically indicate a non-geometric background. Explicit
constructions of such non-geometric backgrounds were given in [P1]. However, they can
also arise from geometric compactiﬁcations which are not of twisted torus type, so that it
is misleading to think of fm"p and K™ as being mtrmswally non—geometrlc [B1]. In the
special case where Ky, = KM — =0, hpn? = frn? and h P — fm"p the algebra (f.9)
is a Drinfeld double [i4, 6], suggesting a possible relation between the kind of T-duality
considered here and the Poisson-Lie T-duality of [i6, i, 7).

The generalisation to the heterotic string is straightforward. The duality group is
now O(d,d + 16) and t 5 becomes an O(d, d + 16) tensor. From section 5.2, there is an
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additional flux M,,,,* and the decomposition of the structure constants ¢ 4 5% of the general
gauge algebra generalising (f.9) will have further terms involving the generators Y.

It is interesting to ask how this extends to M-theory compactifications, and their non-
geometric generalisations. The generator X™ of the heterotic theory, which is associated
with string winding modes, is replaced with the generator X™" in M-theory, which might
be associated with membrane wrapping modes, so that one would expect the algebra (B.1§)
to be become something like

9]

[Zma Zn] = _fmanp + Kmnqupq
[Zm, j(np] = 2N, M XPI 4 Emnpqzq

[itmn, 3] — o3t 4 ooz, (6.3

where we have used the decomposition of X™" into X™" and X™ which satisfy Xp =
FrrnPX™ and. fr,? XM = 0.

As an example of such a reduction, consider the compactification of eleven-dimensional
supergravity on X = S x G/I" with internal coordinates (y'!,y™) where the flux lies along
the circle direction K,,,p11 and the structure constants of the group G are f,,,”. This is
a compactification of ITA supergravity on a twisted torus G/I', lifted to M-theory. The
Neveu-Schwarz sector of the reduced theory has a gauge algebra with (f.]) as a subalgebra.
Replacing G/I' with a non-geometric background leads to a theory with gauge algebra
containing (6.3) as a subalgebra. The full algebra of this reduction is then a particular
example of the the Lie algebra (.3).

A general feature of twisted torus reductions with flux is that the gauge algebra has an
abelian subalgebra generated by X™ or X™" (with [X, X] = 0). An algebra such as (f.9)
or (b.3) without [X, X] = 0 can arise from non-geometric compactifications, but they can
also arise from geometric compactifications which are not of Scherk-Schwarz type, such as
the WZW compactifications discussed in [R1] or compactifications on S$* or S7.

However, this is not quite the whole story. In toroidal compactifications to 6, 5,
and 4 dimensions the anti-symmetric tensor gauge fields C(3), C(2),, and C1y,,, may be

™ respectively. These gauge bosons couple

dualised to vector fields 61), 6)™ and 6y
to gauge generators Y, Y,, and Y, respectively which in each case may be dualised on
the internal manifold to a vector field 61y, coupling to a generator Yympat which
might be associated with 5-brane wrapping modes. For twisted torus compactifications
with flux we have seen that the same curvatures and fluxes that allow for a non-abelian
gauge symmetry obstruct the dualisation of these fields and the C3), C(a),, and Ciymp
potentials remain as massive tensor fields in the gauged supergravity. A particular example
is the case of flux compactifications to seven dimensions, where the C3) potential cannot
be dualised to a two form and instead appears as a massive field in the gauged supergravity.
However, the universal formalism, reviewed in section 5.3, allows for the dual potentials
to be incorporated through a doubling of the degrees of freedom and so this more general
construction will contain theories in which the dual one-forms 6(1y,,,npq appear as gauge
fields. The gauge algebra might then be expected to be of a form in which all of the
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structure constants are constructed from the data f,,,” and Kyp,ppq, such as

9]

[Zm, Zn] = —fmanp + Kmnqupq
[ Zms )“(np] -9 fmq[n XPla 4 Kmqtsynpqts
[ ZWynpth] -5 fml[nypqts}l
[)Zm",)i'm] = 2y, mymipats (6.4)

with all other commutators vanishing. As commented on in section 5.6, the geometric
reductions considered in this paper produce theories whose gauge algebra is a contraction
of (.4) with [X, X] = 0 and no Y™"P4", For certain dimensions (f.4) may be enhanced as
in the case [§ where a similar algebra appears and includes an additional term [Z,,, Z,] =
gemnpthlqu“l—i—- -+, which may only occur in four dimensions. For the geometric reductions
considered in this paper it was demonstrated that part of the X" symmetry, given by the
projection Xm = fnp™ X", is always broken by any vacuum of the theory. It seems that a
similar statement holds for the generators Y™ in (B.4) where the symmetry generated
by KppgtY ™"PI = Y™ is broken by the vacuum. This was certainly the case in [§] where
Y™ could be identified with X™ which ensured that the correct number of gauge degrees
of freedom were present in the theory.

All of the gaugings discussed here can be embedded into the universal Lagrangian
formalism reviewed in section 5.3. For example in five dimensions the general gauge algebra
is of the form

T3, Ty) = —ti*Th + hij*Ta + Ci" T
[Tl’aTa] = CiauTu
[Ti7Tu] = DiuvTv (6.5)

where a particular Eg) basis has been chosen, as described in section 5.3.3 and the struc-
ture constants t¢ =ty = tuw® = tep® = 0 all vanish by the constraints on the embedding
tensor [27]. This algebra is broken to

T3, Tj] = —ti;" Ty + hij T, (6.6)

by any vacuum of the theory so that the T, are always broken and the T, give a central
extension of the algebra generated by T;. A different choice of Eg) basis will lead to an
equivalent algebra taking a more complicated form. As an example, consider the reduction
of eleven dimensional supergravity on a semi-simple group manifold (with identifications to
compactify, if necessary) with flux. As discussed in sections 4.2 the symmetry generated by
the X" is broken by any vacuum of the theory and we can make the identifications of the
generators T; in (p.§) with Z,,, and T,, with X", with no generators T,. The symmetries
generated by T, ~ X™" are broken, so that the remaining symmetry algebra is

(1, T;] = —tijka (6.7)

The algebras of the geometric theories we have considered in this paper are described
by (B.g), but this algebra also contains generalisations of such gauge algebras arising from
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compactifications whose lift to M-Theory do not admit a geometric interpretation. These
can be systematically studied in a similar way to those discussed in [R1], and we plan to
return to a discussion of such non-geometric backgrounds elsewhere.

A. Useful identities for O% and Hgﬁ"p

mnp

Recall the definitions of the constants O%np and ngnp introduced in section 4.2

Oy = 350 Fuf

mnp

mn 1 m n
g™ = So5" fi"” (A1)

These objects may be shown to satisfy the following useful identities on a twisted torus
X = G/I" when G is semi-simple.
O%npnz;np = 525f + fpktflqp
mnp

1
ORI = 8 — 5wl "

O%np'r]qt = 3fmnp

H;rtmpnqt — %fmnp
Opnpft® + Opmp fu® = 3000101’
1
Nmn = Zof{zpqOng (Az)

where 7, is the Cartan-Killing metric. For reductions involving higher degree forms
there are generalisations of these constants. For example, in the reduction of a p-form
é(p) the mass term in the reduced Lagrangian for the potential C(;), ny..n, , s of the
form (O - C(i))2 and the non-linear gauge transformation of the field C(;_1)n;ny...n,_;,, With

parameter A¢_1)m;my..m,_; 18 of the form 6 C;_1) = O - A;_1) where

omn2:np—i . (p -1+ 1)‘

mgnz e 5T (A.3)

mima..Mpy1—; — mf[mmm msOmy -+ O]

B. Field redefinitions for 7% reductions

Reduction on T% corresponds to the case where fmn? = 0. The Chern-Simons term becomes
very complicated under the standard reduction ansatze. To ease the algebra the following
redefinition of the potential can be made, following [[L{]

A_ A = 1~ 1~
C= C(g) + C(Q)m No™ + 50(1)7”” ANa™ No™ + EC(O)mnpUm Ao NoP + w(3) (B.1)
where
1 1
C3) = Cz) = Cam A A™ + 5C00mn NA™ N A" = ZClopmnp A™ A A" N AP

~ 1
Coym = Coym + Ciaymn N A" + §C(O)mnpAn N AP
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F(l)mn = C(l)mn - C(O)mnpAp
Coymnp = Cloymnp

The gauge transformations of these potentials are

55(3) = é(z)m A dw™ + dX(Q)
55(2)m = —6(1)mn Adw™ + dX(l)m
56(1)mn - é(O)mnpdwp + dx(O)mn

6C 0ymnp = —HKmnpgw?
where the gauge parameter X in this basis is defined as
3y N m, 1y m n
A= )\(2) + A(l)m No + 5)\(0)an No

For fn,™ = 0 limit the field strengths (R.9) are

(B.2)

(B.3)

(B.4)

~ ~ m L~ m n L~ m n
G(4) = dC(3) +d0(2)m NA™ + §dC(1)mn NATN AT+ édC(O)mnp NAT N AT N AP

1
—ﬂKmnqum NA" N AP N AT

~ ~ 1 ~ 1
G(S)m = dC(Q)m — dC(l)mn NA" + §dC(0)mnp NA" N AP + éKmnqun N AP N A

A ~ 1
G2ymn = dCymn + AC(0)mnp N A = 5 Kinnpg A” A AT

G(l)mnp = dC(O)mnp + Kmnquq

G(O)mnpq = _Kmnpq
and satisfy the Bianchi identities
dG(4) + G(g)m ANF™ =0
dG(3)m + G(g)mn ANF" =0
dG(Q)mn + G(l)mnp NFP =
dG(l)mnp + G(O)mnpq ANF?1 =0
dG (0ymnpg = 0
C. Reduction of Chern-Simons terms
The eleven dimensional Chern-Simons term with flux on the C field is
cs 1 ~ ~ ~
1= Ed <C +W(3)) Ad <C+W(3)) A <C +W(3))
This may be rewritten modulo surface terms as

‘ﬁ:%@A@A@Jr%@A@/\ICJr%@/\ICAICJréIC/\ICAw@
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where

1
K= ﬂKmnpqam N NaP Aol (C.3)

The last term vanishes if D > 0 and the third term vanishes for D > 3.

In the case in which fh, = 0, we can use the field definitions of appendix B to give

the reduction of the Chern-Simons term as

cs
Lo

cs
Ly

cs
Ly

cs
L7

cs
Ls

cs
L3

cs
Ly

cs
L3

1 ~ - -
€m§dC(3) N dC(g) A C(g)m
1 ~ ~ ~ 1 ~ ~ ~
emn <Zd0(3) N dC(g) N C(l)mn — §dC(2)m N dC(g)n A C(g))
1 ~ ~ = 1 ~ ~ ~ 1 ~ ~ ~
emnp | 754CE) N dCE) COymnp — 5dC@m N dC2)n A Cra)p — 5dC) N dCim) A Caynp

1~ s~ A e - _
T29C@m N dC@)n N Caypg + gdC1)mn N dC1)pg N Ca)

1 ~ ~ ~
mnpq ( —
€ (Gd%) N dC@2mCompg ~ 15

1 - -
+ 4_8Kmnpqdc(3) A O(S))

1 ~ ~ ~ 1 ~ ~ ~ 1 ~ ~ ~
emnpat <EdC(3) A dC(1)mnC(0)pqt — EdC(g)m A dC(Z)nC(O)pqt+§dC(l)mn A dC(l)pq AN C(g)t

1 - -
+ ﬂKmnpqu(?») A 0(2)75)

1~ ~ 1~ ~ ~
emnpqts (EdC(Q)m A dC(l)an(O)th + 4—8dC(1)mn A\ dC(l)pq A C(l)ts

1~ ~ o
— =5 C©0mnp N AC(0)qts N C(3) + 2dC3) N CrymnFpgrs +

1 ~ -
EdC(Z)m A C(Z)nquts)

1 -~ - 1 ~ - -
emmpatet <@d0(1>mn N dCpaCoytst — =5 AC ) mnp N AC(0)qts N Cr2y

1~ ~ 1~ -
+md0(3)c(0)mnqutsl - 4—8dC’(2)m A C(l)nqutsl>

mn slj 1 ~ o O 1 C
emnpatsli <—_dC(O)mnp N dCoyqs N Cyg + 774C@mC

144 Kestj

(0)npg
1

+192

- - 1 -
dC(l)mn A C(l)qutslj + 1152Kmnqutsle(3)) (04)

The reduction of the full case with both twist and flux is straightforward but leads to
more complicated formulae, and these will not be given explicitly here.
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